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We show that in absence of entropy or effective anisotropic stress the freedom in the choice
of the initial energy scale of inflation implies the existence of an infinite family of dual slow-roll
parameters histories which can produce the same spectrum of comoving curvature perturbations.
This implies that in general there is no one-to-one correspondence between the spectrum and higher
order correlation functions. We give some numerical examples of expansion histories corresponding
to different initial energy scales, with the same spectrum of curvature perturbations, the same
squeezed limit bispectrum, in agreement with the squeezed limit consistency condition, but with
different bispectra in other configurations and different spectra of primordial gravitational waves.
The combined analysis of data from future CMB and gravitational wave experiments could allow to
distinguish between dual models.
INTRODUCTION
Cosmic microwave background (CMB) observations
are compatible with an approximately scale invariant pri-
mordial curvature perturbations power spectrum [1–5].
Higher order correlation functions allow to distinguish
between inflationary models producing the same spec-
trum, and it is important to investigate the relation be-
tween them. In this paper we consider what are the gen-
eral conditions for different single field inflationary mod-
els to produce the same spectrum of comoving curvature
perturbations, showing that the freedom in choosing the
initial energy scale of inflation gives an infinite class of
dual models. Our results are model independent and can
be applied to any model for which the anisotropy and en-
tropy effects are negligible, including multifields models
in the regime in which isocurvature perturbations are not
important. We give some examples of dual models with
the same spectrum and different bispectra of curvature
perturbations, and also different spectra of primordial
gravitational waves. In particular we show that there
can exist dual models producing a scale invariant spec-
trum of curvature perturbation but completely different
bispectra, and different primordial gravitational waves
spectrum.
We also consider the case of models with local features
in the expansion history, which are related to other types
of features such as features of the inflaton potential [6–
24], and can provide a better fit to observational data
at the scales where the spectrum shows some deviations
from power law [7–12, 25–28]. Finally we consider the
implications of the existence of dual models for consis-
tency relations between the spectrum and bispectrum of
primordial curvature perturbations [5, 17, 29–31].
PRIMORDIAL CURVATURE PERTURBATIONS
The study of primordial scalar perturbations is at-
tained by expanding perturbatively the action with re-
spect to the background Friedmann-Lemaitre-Robertson-
Walker (FLRW) solution [32, 33]. In absence of entropy
perturbations or effective anisotropic stress, the second-
order action for scalar perturbations in the comoving
gauge is
SRc2 = M
2
Pl
∫
dtd3x
[
a3
c2s
R˙2c − a(∂Rc)2
]
, (1)
where MPl is the reduced Planck mass, a is the scale
factor, cs is the scalar sound speed, Rc is the curva-
ture perturbation on comoving slices, and we denote the
derivatives with respect to time with dots. Throughout
this paper we use units of ~ = c = 1. For the slow-roll
parameters we use the following definitions
 ≡ − H˙
H2
, η ≡ ˙
H
, (2)
where H ≡ a˙/a is the Hubble parameter. The Euler-
Lagrange equations for this action give
∂
∂t
(
a3
c2s
∂Rc
∂t
)
− aδij ∂
2Rc
∂xi∂xj
= 0. (3)
This equation is quite general and can also be derived
from the perturbed Einstein’s equations. It can in fact be
shown that Eq. (3) is satisfied by the curvature perturba-
tions produced by an arbitrary physical system described
by an effective energy momentum tensor with no entropy
perturbations or effective anisotropic stress. This is for
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2example the case of a quintessence. Given the wide class
of physical systems to which this equation can be applied,
also our results are quite general.
Taking the Fourier transform of the previous equation
we obtain the equation of motion for the primordial cur-
vature perturbation
R′′c (k) + 2
z′
z
R′c(k) + c2sk2Rc(k) = 0, (4)
where z ≡ a√2/cs [34], k is the comoving wave number,
and primes denote derivatives with respect to conformal
time dτ ≡ dt/a. As initial conditions for Eq. (4) we take
the Bunch-Davies vacuum [34–36]
Rc(τi, k) = vi(k, cs)
ziMPl
(5)
R′c(τi, k) =
1
MPl
(v′i(k, cs)
zi
− vi(k, cs)
zi
z′i
zi
)
, (6)
where from now on we denote quantities evaluated at
initial time ti or τi by the subscript i and
v(k, cs) =
e−icskτ√
2csk
(
1− i
cskτ
)
. (7)
Primordial spectrum of curvature perturbations
The two-point correlation function of primordial cur-
vature perturbations is given by [4, 37]〈
Rˆc(~k1, τe)Rˆc(~k2, τe)
〉
≡ (2pi)3 2pi
2
k3
PRc(k)δ
(3)(~k1 + ~k2) ,
(8)
where τe is the exit horizon time and the power spectrum
of primordial curvature perturbations is defined as
PRc(k) ≡
2k3
(2pi)2
|Rc(k, τe)|2. (9)
Primordial bispectrum of curvature perturbations
The three-point correlation function is given by [32, 38]〈
Rˆc(τe,~k1)Rˆc(τe,~k2)Rˆc(τe,~k3)
〉
(10)
≡ (2pi)3BRc(k1, k2, k3)δ(3)(~k1 + ~k2 + ~k3),
where
BRc(k1, k2, k3) = 2=
[
Rc(τe, k1)Rc(τe, k2)Rc(τe, k3)∫ τe
−∞
dτη(τ)(τ)a2(τ)
(
2R∗c(τ, k1)R′c∗(τ, k2)R′c∗(τ, k3)
−k21R∗c(τ, k1)R∗c(τ, k2)R∗c(τ, k3) + perms.
)]
, (11)
is the bispectrum and “perms.” means the other two per-
mutations of k1, k2 and k3.
In this work we will study the degeneracy in the bis-
pectrum using the usual fNL [39] quantity which in the
case of our definition of the spectrum takes the form
fNL(k1, k2, k3) =
10
3
(k1k2k3)
3
(2pi)4
(12)
BRc(k1, k2, k3)
P 2Rc(k1)P
2
Rc(k2)k
3
3 + perms.
.
Primordial gravitational waves
The primordial tensor perturbations satisfy the equa-
tion [4, 37]
h′′k + 2
z′γ
zγ
h′k + c
2
γk
2hk = 0 , (13)
where cγ is the tensor sound speed [36, 40], zγ ≡ a/cγ ,
and now the initial conditions for the tensor modes are
h(τi, k) =
√
2vi(k, cγ)
zi,γMPl
(14)
h′(τi, k) =
√
2
MPl
(v′i(k, cγ)
zi,γ
− vi(k, cγ)
zi,γ
z′i,γ
zi,γ
)
. (15)
Primordial spectrum of gravitational waves
The two-point correlation function of tensor perturba-
tions is〈
hˆs(~k1, τe)hˆ
s′(~k2, τe)
〉
≡ (2pi)3 pi
2
2k3
Ph(k)δ
(3)(~k1+~k2)δss′ ,
(16)
where s = ± is the helicity index and the power spectrum
of primordial tensor perturbations is defined as
Ph(k) ≡ 2k
3
pi2
|hk(τe)|2 . (17)
HOW MANY EXPANSION HISTORIES CAN
GIVE THE SAME SPECTRUM?
As can be seen from Eq. (4) the evolution of the pri-
mordial curvature perturbationRc is entirely determined
by cs, the background quantity z
′/z, and the initial con-
ditions in Eqs. (5) and (6), which are in terms of zi and
z′i.
For a given spectrum how much freedom is left in spec-
ifying the slow-roll parameters history or equivalently the
expansion history? Mathematically this question corre-
sponds to ask under what conditions we can obtain the
same solution for the curvature perturbation equation,
3and the answer is that this is possible as long as cs, the
coefficient z′/z of the equation, and the initial conditions
are the same.
After choosing a reference function zref we can find the
family of expansion histories such that the corresponding
equation of curvature perturbation has the same coeffi-
cient, i.e.
z′
z
=
z′ref
zref
. (18)
A general solution for z is
z(τ) = Czref , (19)
where C is an arbitrary integration constant. From now
on we will assume that cs is the same for the dual and
the reference models. In order for the spectrum to be
the same also the initial conditions have to be the same,
which implies that
z(τ) = zref(τ) . (20)
This means that different dual models can have the same
spectrum of primordial curvature perturbations as long
as their z(τ) is the same at all times. Note that this con-
dition is not enough to ensure also zγ = zγ ref , implying
that the spectrum of tensor perturbations of dual models
will be different, as we will show later in different cases.
The interesting fact is that models with the same z
can have different slow-roll parameters, or equivalently
expansion histories. Note that the coefficients of the cur-
vature perturbations equation depend only on the sound
speed and the scale factor, and for this reason, in the
spirit of the effective field theory of inflation [33], we can
make a completely model independent analysis focusing
on them without having to specify the Lagrangian of the
model. This model independent analysis can be carried
out by using the relation between z and the scale factor
in terms of the cosmic time t
z =
a
√
2
cs
=
1
cs
√√√√2(a2 − a3a¨
a˙2
)
. (21)
For a given functio zref the scale factor evolution is not
uniquely determined. From the above relation we get
in fact a second-order differential equation for the scale
factor
a2 − a
3a¨
a˙2
=
1
2
z2refc
2
s . (22)
The initial value of the scale factor has no physical
importance since it can always be arbitrarily fixed, but
the initial condition for the first time derivative is phys-
ically important since it corresponds to consider back-
ground histories with different initial Hubble parameters
Hi, and consequently different initial energy scales. We
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FIG. 1: The numerically computed Hubble parameter H of
the dual model obtained from Eq. (22) (dashed red) for δH =
0.98 and Href (blue) corresponding to the model in Eq. (24)
are plotted as functions of the number of e-folds N .
will parametrize this difference in the initial energy scale
with the dimensionless quantity δH = Hi/Href,i.
This freedom in choosing Hi while keeping the same
evolution of the function z(τ) is the origin of the exis-
tence of an infinite set of expansion histories producing
the same spectrum of curvature perturbations, which was
found in some specific class of models in [41].
Note that we have derived the conditions to obtain
dual models with exactly the same spectrum for Rc,
while in the past [42, 43] the conditions to have an ex-
actly scale invariant spectrum were investigated. For
scale invariance the condition is weaker and it is enough
to study the Sasaki-Mukhanov variable [19] u = aδφ =
−sign(φ˙)RczMPl which satisfy the equation
u′′k +
(
c2sk
2 − z
′′
z
)
uk = 0 . (23)
In this case the condition is that z′′/z has to be the
same, giving z = zref
∫
dτz−2ref , while to get the same
spectrum the condition is z = zref . Our results are con-
sistent with those obtained in [42], since the sign of the
initial condition a˙i corresponds to expanding and con-
tracting background solutions. We have shown that in
general there is an infinite class of expansion histories
(contracting or inflationary), which in the context of the
study of spectra with features has some important phe-
nomenological implications in regard to the relation with
the bispectra or other higher-order correlation functions.
In general in fact models with the same spectrum could
have different bispectra.
AN EXAMPLE OF A DUAL MODEL
Let us consider a model with constant slow-roll param-
eter , corresponding to the scale factor
aref(t) =
(
1 + cHref,it
)1/c
, (24)
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FIG. 2: The numerically computed slow-roll parameter  for
the dual model (dashed red) for δH = 0.98 and ref (blue) are
plotted as functions of the number of e-folds N . The top plot
shows the results obtained for the featureless model defined
in Eq. (24), and the bottom plot for the model with features
given in Eq. (28).
where Href,i = a˙ref,i/aref,i, c is a constant, and we have
chosen the initial condition a(ti = 0) = 1. For this
model analytic expressions can be derived for the back-
ground quantities and the spectrum of primordial curva-
ture and tensor perturbations, facilitating the compari-
son with the dual models obtained numerically, following
these steps
• solve equation Eq. (22) for the dual a, where zref is
calculated using aref from Eq. (24)
• different dual expansion histories giving the same
zref correspond to different initial conditions for the
dual scale factor a˙i or equivalently different initial
value of the dual Hubble parameter Hi.
• from the dual a we compute the corresponding
slow-roll parameters histories, and from them the
spectra of curvature and tensor perturbations and
the bispectrum of curvature perturbations.
As shown in the next section the spectra of curvature
perturbations of the dual models are exactly the same but
the spectra of tensor perturbations and the bispectra of
curvature perturbations are different.
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FIG. 3: The numerically computed slow-roll parameter η for
the dual model (dashed red) for δH = 0.98 and ηref (blue) are
plotted as functions of the number of e-folds N . The top plot
shows the results obtained for the featureless model defined
in Eq. (24), and the bottom plot for the model with features
given in Eq. (28).
In order to obtain an analytic formula for the scalar
spectrum we first write Eq. (24) in terms of conformal
time
aref(τ) = −Href,i(1− cτ)1/(c−1), (25)
such that
z′′ref(τ)
zref(τ)
=
2− c
(1− c)2τ2 . (26)
From this expression, and using the Sasaki-Mukhanov
variable in Eq. (23), we can obtain an exact solution when
cs = 1 for the curvature perturbation [44, 45]
Rc(τ, k) =
√−kτ
zMPl
[
C1Jν(−kτ) + C2Yν(−kτ)
]
, (27)
where Jν(z) and Yν(z) are the Bessel functions of the first
and second kind, respectively, ν = (c−3)/(2(c−1)), and
C1 and C2 are given by the initial conditions in Eqs. (5)
and (6). A similar expression is found for the tensor
modes hk [44, 45].
We show our results in Figs. 1 - 7, where N ≡ ln[a/ai]
is the number of e-folds after the beginning of infla-
tion. The values of the parameters used in the figures
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FIG. 4: The numerically computed spectrum of primordial
curvature perturbations PRc for the dual model (dashed red)
for δH = 0.98 and for the reference model (blue) are plotted
as functions of the scale k. The top plot shows the results
obtained for the reference models corresponding to the fea-
tureless case defined in Eq. (24), and the bottom plot for the
case with features given in Eq. (28). For the featureless model
in the top the spectrum is computed analytically Eq. (27).
are Href,i = 4.22 × 10−6MPl, c = 10−4, cs = cγ = 1,
and δH = 0.98. In the plots we use the reference
scale k0, corresponding to modes exiting the horizon at
time t0. For the squeezed configuration fNL we use
k1 = k  k2 = k3 = 1000 k0. It can be seen that, even
though the curvature spectrum is the same for dual mod-
els, they can be distinguished at the bispectrum level.
Since the coefficients of Eq. (13) depend on the scale
factor in a form different than in the equation for co-
moving curvature perturbation, we expect that also the
spectra of primordial gravitational waves of dual models
will be different, as confirmed in Fig. 5
AN EXAMPLE OF DUAL MODELS WITH
FEATURES
In order to understand the implications of the existence
of dual models in presence of features [6–24, 30, 46, 47]
we consider a local [13, 14] modification of the scale
considered in the previous section, given by
aref(t) =
(
1 + cHref,it
)1/c[
1 + λe−(
t−t0
σ )
2
]
, (28)
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FIG. 5: The numerically computed spectrum of primordial
tensor perturbations Ph for the dual model (dashed red) for
δH = 0.98 and for the reference model (blue) are plotted
as functions of the scale k. The top plot shows the results
obtained for the featureless model defined in Eq. (24), and
the bottom plot for the model with features given in Eq. (28).
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FIG. 6: The numerically computed fNL functions in the
squeezed configuration (k1 = k  k2 = k3 = 1000k0) for
the dual model (dashed red) for δH = 0.98 and for the refer-
ence model (blue) are plotted as functions of the scale k. The
top plot shows the results obtained for the featureless model
defined in Eq. (24), and the bottom plot for the model with
features given in Eq. (28). In the squeezed limit (k → 0) the
bispectra are approximately the same, in agreement with the
SCC.
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FIG. 7: The numerically computed fNL functions in the
equilateral configuration for the dual model (dashed red) for
δH = 0.98 and for the reference model (blue) are plotted as
functions of the scale k. The top plot shows the results ob-
tained for the featureless model defined in Eq. (24), and the
bottom plot for the model with features given in Eq. (28).
where λ and σ are parameters that control the magnitude
and width of the feature, and t0 is the feature time. The
results are shown in the bottom panel of Figs. 1 - 7. As
can be seen, even in the presence of features, the spec-
trum of curvature perturbations of dual models is exactly
the same, while the tensor spectrum and the curvature
bispectrum are different.
CONSISTENCY CONDITIONS
Attractor single field slow roll models satisfy the
squeezed limit consistency condition (SCC) [29, 32, 48]
lim
k1→0
〈
Rˆ~k1Rˆ~k2Rˆ~k3
〉
= −(2pi)3δ3(
∑
i
~ki)(ns − 1)Pk1Pk3 ,
which holds also in presence of features [49, 50]. Since
dual models have the same spectrum, it is expected that
they should also have the same squeezed limit bispec-
trum, as shown in the low k1 limit of the squeezed con-
figuration in Fig. 6, confirming that they satisfy the SCC.
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FIG. 8: The numerically computed δH (blue) and its sudden
change approximation given in Eq. (29) (red) are plotted for
the reference model defined in Eq. (28) as a function of the
number of e-folds. As can be seen the approximation is not
accurate, implying a violation of the GCC derived under the
assumption of its validity. This is confirmed by the difference
among the bispectra of the dual models as shown in Fig.(6-7).
The SCC does not require the validity of the sudden change
approximation, so the despite the latter is not accurate, the
SCC is satisfied as shown by the fact that dual models have
the same squeezed limit (k → 0) bispectra.
Under the sudden change approximation [17]
z′′
z
≡ 2a2H2
(
1 +
1
2
δH
)
≈ 2a2H2
(
1− 1
2
τη′
)
(29)
another consistency condition for general bispectrum
configurations (GCC) has been derived
fNL ' 5
12
k1k2k3
k31 + k
3
2 + k
3
3
[
d2
d ln k2
∆PRc
P 0Rc
(k)
]
k=(k1+k2+k3)/2
(30)
where ∆PRc ≡ PRc(k) − P 0Rc is the difference between
the featured power spectrum PRc(k) and its featureless
counterpart P 0Rc . Note that the GCC is much stronger
than the SCC because it relates the spectrum to the bis-
pectrum in any configuration. The GCC only applies
to models satisfying the sudden change approximation
given in Eq. (29), contrary to the SCC which holds for
any attractor single field model. In Fig. 8 we plot the
numerically computed δH , showing that Eq. (29) is not
a good approximation for the models with features we
consider.
If always valid the GCC would imply that models with
the same spectrum should also have the same bispectrum
in any configuration, but as shown in Figs. 6-7, this is not
true for the dual models we constructed. This should not
be surprising because for a general non-Gaussian field the
bispectrum cannot be fully determined by its spectrum.
In general there is in fact an infinite family of dual slow-
roll parameter histories which do not satisfy the sudden
change approximation in Eq. (29) and consequently vio-
late the GCC derived assuming it, while still satisfying
7the SCC, which does not rely on the validity of the sud-
den change approximation.
As a direct consequence for any given spectrum there
is an infinite class of single field models satisfying the
SCC but violating the GCC.
CONCLUSIONS
We have shown that there is an infinite family of slow-
roll parameters histories which can produce the same
spectrum of comoving curvature perturbations. This de-
generacy is related to the freedom in the choice of the
initial conditions for the second order differential equa-
tion relating the coefficients of the curvature perturba-
tion equations to the scale factor, and it corresponds to
fixing the initial energy scale of inflation. This freedom
implies that in general there is no one-to-one correspon-
dence between the spectrum and higher order correla-
tion functions, unless some special conditions are satis-
fied by the slow-roll parameters. We have given some
examples of dual models with the same spectrum, the
same squeezed limit bispectrum, in agreement with the
squeezed limit consistency condition, but different bis-
pectra in other configurations, and different primordial
gravitational wave spectra. A combined analysis of data
from future CMB experiments such as the CMB-S4 [51]
and space gravitational detectors such as the Laser Inter-
ferometer Space Antenna (LISA) [52] and Evolved Laser
Interferometer Space Antenna (eLISA) [53] could allow
to distinguish between different dual models.
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